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An all-dielectric metasurface featuring resonant conditions of the trapped mode excitation
is considered. It is composed of a lattice of subwavelength particles which are made of a
high-refractive-index dielectric material structured in the form of disks. Each particle within
the lattice behaves as an individual dielectric resonator supporting a set of electric and mag-
netic (Mie-type) modes. In order to access a trapped mode (which is the TE01δ mode of the
resonator), a round eccentric penetrating hole is made in the disk. In the lattice, the disks are
arranged into clusters (unit super-cells) consisting of four particles. Different orientations of
holes in the super-cell correspond to different symmetry groups producing different electro-
magnetic response of the overall metasurface when it is irradiated by the linearly polarized
waves with normal incidence. We perform a systematic analysis of the electromagnetic re-
sponse of the metasurface as well as conditions of the trapped mode excitation involving
the group-theoretical description, representation theory and microwave circuit theory. Both
polarization-sensitive and polarization-insensitive arrangements of particles and conditions
for dynamic ferromagnetic and antiferromagnetic order are derived. Finally, we observe the
trapped mode manifestation in the microwave experiment.
PACS numbers: 41.20.Jb, 42.25.Bs, 78.20.Ci, 78.67.Pt
I. INTRODUCTION
All-dielectric resonant nanophotonics1 offers a vari-
ety of intriguing optical phenomena and enables promis-
ing practical applications. It relies on all-dielectric
metasurfaces composed of subwavelength particles. The
particles are dielectric bodies which typically have a
simple geometric shape (e.g. spheres, disks, cubes,
parallelepipeds).2–4 They are made of high-refractive-
index materials5 and arranged into a lattice, wherein each
particle behaves as an individual resonator sustaining a
set of electric and magnetic multipole (Mie-type) modes.
These modes couple to the field of incoming radiation
producing a strong resonant response of the overall meta-
surface.
The physics of all-dielectric resonant nanophotonics
can be broadly characterized by two major phenom-
ena: (i) sharp spatial location of electric and magnetic
fields at the nanoscale, which enhances a number of non-
linear effects, such as the harmonic generation,6–8 all-
optical switching,9 and (ii) the multimodal interference
via hybrid modes excitation. Many novel effects were
discovered, such as directional light scattering,10 opti-
cal magnetism,11,12 bound states in the continuum,13,14
toroidal and nonradiating optical anapole states,15–19 etc.
There is a possibility to further increase the level of
complexity by combining particles into clusters possess-
a)Electronic mail: tvr@jlu.edu.cn
ing particular spatial symmetry (or asymmetry) in order
to construct topological photonic structures based on an
all-dielectric metamaterial platform.20,21
Electromagnetic features of such metasurfaces depend
on both characteristics of its unit cell (i.e. on the mode
composition inherent to an individual particle) and the
effect of their periodic ordering inside the lattice. If
the particles are grouped into a cluster to form a unit
super-cell, an electromagnetic coupling inside such super-
cell results in appearing additional hybrid modes which
also influence the overall electromagnetic response of the
metasurface.
Application of the method of the electromagnetic mul-
tipole expansion allows one to separate the impact of ge-
ometrical and material parameters of the individual par-
ticles from the contribution of collective effects of their
interaction (coupling) within the lattice. The idea be-
hind the multipole expansion is the following:22 when an
electromagnetic wave is incident upon a dielectric parti-
cle and therefore displacement (polarization) currents are
excited inside its volume, the currents and the particle
can be replaced by multipoles of various orders (dipole,
quadrupole, etc.) that act as equivalent point sources
for the scattered fields. Comparing contribution of each
mode to the scattering cross section of an individual par-
ticle with the resonances in the spectra of metasurface,
one can separate the resonant conditions inherent to the
particle only.
Although the electromagnetic multipole expansion
method lies at the heart of the description of all-dielectric
metasurfaces via the Mie-type modes, a more general ap-
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proach based on group theoretical methods23,24 allows
one to determine some of the electromagnetic properties
of a metasurface based solely upon the symmetries of its
unit cell. Especially, this approach becomes very pow-
erful for metasurfaces when a unit cell contains several
particles grouped into a cluster. From the transforma-
tion properties of an electromagnetic basis under symme-
tries of the unit cell, it is possible to determine:25 (i) the
electromagnetic modes of the particles, (ii) the form of
constitutive relations, (iii) polarization sensitivity or in-
sensitivity of the metasurface, and (iv) magneto-optical
response of a metamaterial or lack thereof.
Remarkably, if metasurfaces are composed of unit cells
with a broken symmetry, they can feature the excitation
of distinct high-Q resonances which do not exist in their
symmetric counterparts. These resonances are related to
the inherently nonradiating modes which becomes weakly
radiative when symmetry is broken. Such modes are usu-
ally referred to the trapped (dark) modes.26–29 In the all-
dielectric metasurfaces sustaining a trapped mode, the
degree of asymmetry determines the strength of electro-
magnetic coupling between the field of incoming radia-
tion and the polarization currents induced by this field
inside the particles. Since the electromagnetic field is
strongly confined inside the particles at the trapped mode
resonant conditions, a metasurface can enhance several
significant effects related to absorption, optical activity
and optical gain.30–35
The all-dielectric metasurfaces sustaining a trapped
mode are considered as an efficient platform for the
engineering optical magnetism. It was particularly
revealed36–38 that at the resonant frequency of the
trapped mode excitation, the polarization currents in-
duced in the dielectric particles by incident wave have a
circular flow twisting around the particle center, whereas
the magnetic field direction in the particle center is ori-
ented orthogonally to the metasurface plane forming out-
of-plane magnetic dipole moment. In the super-cell based
metasurfaces the magnetic moments induced in a set of
particles forming a cluster can be oriented either in the
same direction demonstrating a dynamic ferromagnetic
(FM) order or in the opposite directions resembling a
dynamic antiferromagnetic (AFM) order.39
In the present paper, we suggest a systematic study
of an all-dielectric metasurface featuring trapped modes.
The analysis is based on group-theoretical methods, rep-
resentation theory and microwave circuit theory. Our
goal is to reveal fundamental properties of the metasur-
face, such as the necessary changes in symmetry for ex-
citation of a trapped mode, conditions for the FM and
AFM orders of resonant magnetic field, appearance of
the electric dipole mode as well as higher-order modes,
compositions of the eigenwaves and their degeneracy, po-
larization dependence, cross-polarization effects and chi-
rality.
For the further discussion, we have chosen a specific
dark mode of a cylindrical dielectric resonator and an ar-
ray with a high symmetry of the unit cell, namely, which
has the symmetry of a square. With small modification,
one can obtain in this array several lower symmetries of
the unit cell. Therefore, this scheme allows one to con-
sider and compare properties of arrays from the point of
view of their symmetry.
The rest of the paper is organized as follows: In Sec. II
we study characteristics of an isolate dielectric particle
presenting either non-perturbed or perturbed disk. Elec-
tromagnetic features of metasurface, whose unit super-
cell is composed of four perturbed disks ordered in ac-
cordance with the groups C4v, C2v, C4, C2 and Cs, are
studied in Sec. III. Symmetry conditions for the FM and
AFM orders are studied theoretically and confirmed ex-
perimentally in Sec. IV. The effect of electromagnetic
coupling between the resonators in a lattice and polariza-
tion dependence of the resonator excitation are discussed
in Sec. V and Sec. VI, respectively. Finally, in Sec. VII
we summarize the paper. The scattering cross section of
a perturbed particle is given in Appendix A for reference.
II. ISOLATED PARTICLE CHARACTERIZATION
An overall electromagnetic response of a metasurface
is mainly dependent on properties of its unit cell, so it
is necessary to reveal first a modal composition of a sin-
gle constituent particle of a metasurface. It can be de-
rived considering spatial in-plane symmetry of the parti-
cle. Our treatment is based upon the symmetry opera-
tions of the constituent particle about a point in space,
i.e. it involves the point group theory.
The derivation is performed under the assumption of
small dimensions of the particle compared to the wave-
length of the incident radiation (i.e. the particle is sub-
wavelength one). We consider a dielectric particle of two
shapes: a solid disk (non-perturbed cylindrical resonator)
and a disk having a round eccentric hole (perturbed cylin-
drical resonator). For the latter one, we expect to get
access to a trapped mode which is a nonradiating mode
of the non-perturbed resonator.
A. Non-perturbed dielectric resonator
We consider a dielectric disk excited by a plane wave
with linear polarization which propagates along the cylin-
der’s axis (k = {0, 0,−kz}, i.e. normal incidence,
Fig. 1(a)). The height and diameter of the disk are Hdisk
and Ddisk, respectively. It is made of a nonmagnetic ma-
terial with permittivity εd. The disk is placed on a di-
electric substrate whose thickness and permittivity are
Hsubs and εs, respectively.
For the normally incident plane wave, it is sufficient to
consider symmetry of the particle in the x−y plane only.
The geometry of the cylindrical resonator in the x − y
plane is a circle. It is described by the group of sym-
metry C∞v (in Scho¨enflies notation24). We consider the
resonator placed on a dielectric substrate, therefore, the
plane of symmetry perpendicular to the z-axis is absent.
C∞v is a continuous two-dimensional rotation group. It
consists of any rotation around the z-axis and an infinite
number of vertical planes of symmetry passing through
this axis.
In what follows, we shall restrict our discussion to the
dark Mie-type mode which is the lowest transverse elec-
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FIG. 1. (a) Geometry of an isolated non-perturbed dielectric
resonator (disk), and (b) distributions of the displacement
current (red arrows) and magnetic field (blue arrows) of the
dark Mie-type mode which corresponds to the TE01δ mode of
the resonator.
tric mode TE01δ of the cylindrical resonator. Such a
mode cannot be excited in the resonator by a normally
incident linearly polarized wave. The structure of the
field inside the resonator is dictated by symmetry of the
disk. We are interested in the electromagnetic field com-
ponents Ex, Ey, and Hz which characterize the TE01δ
mode, whereas the field outside the resonator contains
other components which can be considered analogously.
Indeed, the electric field E of this mode inside the res-
onator in the x− y plane has a form of concentric circles
(Fig. 1(b)), i.e. it consists of the Ex and Ey components.
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FIG. 2. Same as in Fig. 1 but for an isolated perturbed di-
electric resonator.
B. Perturbed dielectric resonator
The cylindrical resonator under study supports the
TE01δ mode which does not have electromagnetic field
components allowing to couple it to the field of incident
wave. In order to access this mode, one needs to perturb
the resonator, i.e. to change its symmetry providing the
necessary coupling. This can be made by many ways.
Here we consider a particular perturbation of the cylin-
drical resonator by an eccentric through hole (feeding
hole) in the disk shown in Fig. 2(a). The hole changes
the structure of the inner electromagnetic field. Never-
theless, for this case we shall continue to deal with the
components Ex, Ey and Hz, since these components re-
main to be dominant at the frequency of the TE01δ mode
TABLE I. Irreducible representations of the group Cs and
transformation properties of perturbed resonator fields
Cs e σ Field
Γ1 1 1
Γ2 1 −1 Ex, Ey, Hz
excitation.
The hole can be of arbitrary shape, but in order to
simplify our discussion, we introduce one restriction: it
must have the plane of symmetry σ coinciding with one
of the planes of the group of the non-perturbed resonator
C∞v.
From the technological point of view, the optimal form
for the feed is a round hole. The diameter of the hole is
denoted as Dhole. If the hole is dislocated from the center
of the disk on the distance a, the rotational symmetry as
well as all other planes of symmetry appear to be broken,
except the plane x = 0. Therefore, the full axial symme-
try of the group C∞v is reduced to the discrete group Cs
of the perturbed resonator. The symmetry Cs is defined
by only one plane x = 0 which is denoted here by σ.
Belonging of the electromagnetic fields in the resonator
to the IRREP’s of this group is given in Tab. I. Thus,
the group Cs defines the local symmetry of the isolated
perturbed resonator.
The level of the geometric asymmetry of the particle
depends on both the parameter a and the diameter of the
hole Dhole when a 6= 0. Such a perturbation by a hole
can transform a dark (nonradiating) TE01δ mode into a
bright (radiating) one. Coupling between the incident
wave Einc (which is constant over x − y plane) and the
TE01δ mode of the non-perturbed resonator is defined by
the overlapping integral of their electric fields:
Ω = Einc·
∫
hole
(ETE01δ)
∗dxdy (1)
From the above equation one can see, that the coupling
coefficient Ω depends on the parameters a and Dhole of
the resonator. It is maximized when the electric field of
the incident wave is perpendicular to the plane of symme-
try σ of the resonator. A simple physical interpretation
of this result is as follows: (i) the electric field compo-
nent of the incident wave which is perpendicular to σ, i.e.
oriented along the electric field lines of the TE01δ mode,
excites this mode, and (ii) the component parallel to the
plane σ, does not excite the TE01δ mode of the resonator.
Notice that the higher values of Ω lead to lower quality
factor of the TE01δ mode.
The perturbation which provides coupling of the inci-
dent wave and the resonator, produces also an electric
dipole moment in the x−y plane. This dipole moment is
oriented normally to the plane of symmetry σ (Fig. 2(a)).
The existence of this moment is explained by the fact
that due to lack of the plane of symmetry y = 0, the
displacement currents jd = ∂D/∂t in the regions y > 0
and y < 0 of the resonator do not compensate each other
any more (see also contribution of both electric and mag-
netic dipole moments to the scattering cross section of a
perturbed particle in Appendix A).
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III. METASURFACE CHARACTERIZATION
Further we consider a metasurface presenting a peri-
odic array of square unit super-cells. Each super-cell con-
sists of four particles ordered according to a particular
symmetry (Fig. 3). These particles are perturbed di-
electric resonators discussed above. The metasurface is
illuminated by a plane electromagnetic wave under nor-
mal incidence conditions (k = {0, 0,−kz}). The field of
the incident wave produces a collective oscillation of dis-
placement currents in the dielectric particles due to the
near-field coupling between them. Our goal here is to re-
veal some fundamental properties of the metasurface pos-
sessing geometrical symmetry of its unit super-cell using
group-theoretical methods. We are mainly interested in
the spectral manifestation of the dark TE01δ mode which
is inherent to the resonators forming the metasurface.
In the analyzed range of geometrical and physical pa-
rameters, the near-field characteristic is defined mostly
by the local symmetry of an isolated particle and its
interaction with neighbouring particles within the unit
super-cell, whereas the metasurface response in the far-
field depends also on the global symmetry of the array.
In the long-wavelength approximation, the translational
symmetry of the array can be excluded from consider-
ation. Thus, the global symmetry of the metasurface
is defined by the point symmetry of the unit super-cell,
and the overall characteristic of the metasurface can be
described in terms of scattering matrix.
A. Possible symmetries of array unit cell with four
dielectric resonators
An arrangement of the four non-perturbed resonators
(with the symmetry C∞v) within the unit super-cell gives
the maximal symmetry group C4v. In the arrangement
of the perturbed resonators whose position within the
super-cell is fixed as for the non-perturbed ones, orienta-
tion of the holes defines the symmetry of the array. Here,
the maximal symmetry is also C4v. Notice that this is
a case when the symmetry of the cluster-based structure
(which is C4v) is higher than the symmetry of the indi-
vidual element (which is Cs).
The symmetry, corresponding to the four-fold rotation
and the two-fold rotation around the z-axis of the unit
super-cell, the plane of symmetry σx (the plane x = 0),
the plane of symmetry σy (the plane y = 0) and the
diagonal planes of symmetry σd1 and σd2 are shown in
Fig. 3 for further reference. All the planes of symmetry
pass through the z-axis of the unit super-cell.
Excluding from our consideration the group C1 which
corresponds to absence of symmetry, the group C4v has
four subgroups. They are C2v, C4, C2, and Cs (see the
group subordination scheme (group tree) given in Fig. 2
of Ref. 40). It is the exhaustive list of possible symmetries
of a plane square. Thus, symmetry of the unit super-
cell can be described by anyone of the above groups. All
these symmetries can be easily obtained in the given unit
super-cell by simple rotations of the individual resonators
around their axes.
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FIG. 3. A set of unit super-cells of the all-dielectric metasur-
face and corresponding groups and elements of symmetry.
In what follows, we successively consider the electro-
magnetic characteristics of the metasurfaces, whose unit
super-cell is described by the corresponding group. We
distinguish polarization of the incident wave with the vec-
tor E oriented either along the x-axis (x-polarization) or
along the y-axis (y-polarization), or along the unit super-
cell diagonals (d-polarization).
B. Array with C4v symmetry
In order to reach the highest symmetry C4v, orienta-
tions of the planes of symmetry σ of the perturbed res-
onators must be along the diagonal symmetry elements
σd1 and σd2 of the unit super-cell (Fig. 3).
1. Scattering matrix
Using the microwave circuit theory,41 we define the
2 × 2 scattering matrix (which, in fact, is the reflection
matrix), that relates the components Einc1 , E
inc
2 of the
electric field of the incident wave with the components
Eref1 , E
ref
2 of the electric field of the reflected wave as
follows: (
Eref1
Eref2
)
= S¯
(
Einc1
Einc2
)
, (2)
where port 1 and port 2 are oriented in the x-direction
and y-direction, respectively. Analogously one can intro-
duce the transmission matrix. We shall restrict ourselves
by consideration of the reflection matrix only, because
the symmetry properties of the reflection and transmis-
sion matrices are the same. The eigenvalue problem for
the scattering matrix is S¯E = sE, where E is an eigen-
vector and s is the corresponding eigenvalue.
Using the commutation relations R¯·S¯ = S¯· R¯24 where
R¯ are the 2D representations of the generators of the
group C4v, one comes to the following result:
S¯ =
(
S11 0
0 S11
)
. (3)
The equality S21 = S12 = 0 in this matrix indicates that
the cross-polarization effect in this array is absent. The
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TABLE II. Irreducible representations of the group C4v
C4v e C2 C4 C
−1
4 σx σy σd1 σd2
Γ1 1 1 1 1 1 1 1 1
Γ2 1 1 1 1 −1 −1 −1 −1
Γ3 1 1 −1 −1 1 1 −1 −1
Γ4 1 1 −1 −1 −1 −1 1 1
Γ5
(
1 0
0 1
)(−1 0
0−1
)(
0−1
1 0
)(
0 1
−1 0
)(
1 0
0−1
)(−1 0
0 1
)(
0−1
−1 0
)(
0 1
1 0
)
result S22 = S11 defines polarization insensitivity of the
metasurface.
The IRREP’s of the group C4v are given in Tab. II.
42
The upper line of this table shows eight elements of the
group. The left column gives five IRREP’s according
to five classes existing in this group. There are four
one-dimensional IRREP’s Γi, (i = 1, ...4), and one two-
dimensional IRREP Γ5.
The orthogonal normalized eigenvectors E1 and E2 of
matrix (3) are written as follows:
E1 =
(
1
0
)
, E2 =
(
0
1
)
, (4)
and the corresponding eigenvalues are s1,2 = S11. These
two modes are degenerate ones because they belong to
the same IRREP Γ5. Thus, due to the symmetry C4v,
the array is characterized by polarization degeneracy.
Any linear combination of the two degenerate eigenvec-
tors E1 and E2, for example, the right and left circular
polarized waves
E1 ± iE2 (5)
are also eigenvectors. These combined vectors are also
transformed according to the two-dimensional IRREP Γ5
of Tab. II.
Tab. II comprises transformation properties of all the
possible eigenmodes of the array with symmetry C4v.
However, symmetry of the excited array consisting of the
complex system “individual resonators + square unit cell
+ excitation field” includes also symmetry of the exter-
nal field E and its orientation. In particular, the field
E does not have rotation C4 by pi/2 around the z-axis.
This can reduce the resultant symmetry of the array and
the electromagnetic field. For the discussed symmetry
C4v and the x-polarized, y-polarized or d-polarized ex-
ternal field, exclusion of C4 reduced the symmetry C4v to
the symmetry C2v whose IRREP’s are given in Tab. III.
As a result, the field Hz transforms in accordance with
the IRREP Γ4 of the group C2v. This peculiarity is con-
firmed in numerical simulations of the near-field distribu-
tion for the metasurface excited by the y-polarized field
(see Fig. 4(b)).
2. Numerical results
In our investigation we relay on both numerical sim-
ulation and experimental study. In accordance with our
experimental possibilities, we choose the microwave part
of the spectrum (8−15 GHz) for the metasurface operat-
ing. We consider particles made of a microwave ceramic
which is characterized by high permittivity and low loss
tangent. These particles are equidistantly arranged into
a lattice with the period D. The lattice is fixed on a di-
electric substrate. All geometrical sizes and parameters
of the metasurface constituents are summarized in the
caption of Fig. 4.
The numerical simulations of the electromagnetic re-
sponse of the metasurface are performed with the use
of RF module of commercial COMSOL Multiphysics R©
finite-element electromagnetic solver. In the solver, the
Floquet-periodic boundary conditions are imposed on
four sides of the unit cell to simulate the infinite two-
dimensional array of resonators.43
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FIG. 4. (a) Transmission (T ) and reflection (R) coefficients
of an all-dielectric metasurface whose unit super-cell is com-
posed of four particles oriented according to the symmetry
C4v, and distributions of displacement current (red arrows)
and magnetic filed (yellow arrows) calculated within the unit
super-cell at the resonant frequency of the trapped mode ex-
cited by (b) y-polarized and (c) d-polarized normally inci-
dent wave. Geometrical sizes and parameters of the meta-
surface constituents are: Ddisk = 8.0 mm, Hdisk = 2.5 mm,
Dhole = 3.0 mm, a = 2.0 mm, D = 32 mm, Hsubs = 20 mm,
εd = 24 and εs = 1.1.
The simulated transmitted and reflected spectra of the
C4v metasurface are plotted in Fig. 4(a). Obtained curves
are valid for the metasurface irradiation by the wave of an
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arbitrary linear polarization, since polarization indepen-
dence is a key feature of this metasurface. The resonant
state which corresponds to the trapped mode excitation
is marked in the figure by a green arrow. This resonance
acquires a sharp peak-and-trough (Fano) profile where
extremes of transmission and reflection approach to 0 and
1 alternately, since in the calculations possible intrinsic
losses in constitutive materials forming the metasurface
are ignored.
Although the spectral curves are the same for all types
of linear polarization, the field distribution appears to
be different for the metasurface excitation by the waves
having x- or y-polarization and d-polarization. The cor-
responding cross-section patterns (total field) calculated
at the resonant frequency of the trapped mode excitation
are presented in Figs. 4(b) and 4(c) for the y-polarization
and d-polarization, respectively. They are plotted in the
middle plane at z coordinate corresponding to the half
height of the particles. The difference is in the fact, that
for the y-polarization, all the four resonators within the
unit super-cell are active, whereas for the d-polarization,
only a pair of resonators is active (which resonators are
active or inactive depends on along which diagonal of
the unit super-cell the electric field vector of excitation
is directed). It is revealed that in each active resonator
the near-field characteristic resembles that of the TE01δ
mode of the individual cylindrical dielectric resonator
discussed above. In both cases the out-of-plane mag-
netic moments induced in the active particles are ori-
ented in the opposite directions, resembling a dynamic
AFM order44,45 (see a detailed discussion on magnetic
order in Sec. IV).
C. Array with C2v symmetry
In order to reach the symmetry C2v, orientations of
the planes of symmetry σ of the perturbed resonators
must be along the symmetry elements σx or σy of the
unit super-cell (Fig. 3).
1. Scattering matrix
The calculated reflection matrix for this case is
S¯ =
(
S11 0
0 S22
)
, (6)
i.e. the reflection coefficients for the x- and y-polarized
waves have different values (S22 6= S11), but cross-
polarization effect is absent due to equality (S21 = S12 =
0).
TABLE III. Irreducible representations of the group C2v
C2v e C2 σx σy
Γ1 1 1 1 1
Γ2 1 1 −1 −1
Γ3 1 −1 1 −1
Γ4 1 −1 −1 1
The eigenvectors E1 and E2 can be written as follows
E1 =
(
1
0
)
, E2 =
(
0
1
)
. (7)
The eigenvalues are s1 = S11 and s2 = S22. The eigenvec-
tors E1 and E2 belong to IRREP’s Γ4 and Γ3 of Tab. III,
respectively.
Notice, that the group C2v is the direct product of the
groups C2 and Cs discussed below, i.e. C2v = C2 ⊗ Cs.
Therefore, it combines the properties of the groups C2
and Cs.
2. Numerical results
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FIG. 5. Same as in Fig. 4 but for the metasurface whose unit
super-cell corresponds to the group C2v and (b) the metasur-
face is excited by x-polarized wave.
The simulated transmitted and reflected spectra of the
C2v metasurface are presented in Fig. 5(a). The curves
are different for all three polarizations. The trapped
mode resonance is absent in the spectra of the metasur-
face excited by the y-polarized wave. For the other two
polarizations, the frequency of the trapped mode remains
unchanged as compared to the previously discussed case.
At the resonant frequency of the trapped mode excita-
tion, the patterns of the total field are identical for both
x-polarized and d-polarized waves, where four resonators
within the unit super-cell are active ones demonstrating
AFM order of the induced magnetic moments (Fig. 5(b)).
The field Hz is transformed in accordance with the IR-
REP Γ4 of Tab. III.
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D. Array with C4 symmetry
For the C4 symmetry, two enantiomorphic modifica-
tions exist which can be obtained by reflection in a plane
of symmetry. These two modifications are denoted in
Fig. 3 by symbols C4(1) and C4(2).
1. Scattering matrix
The calculated reflection matrix for this case is
S¯ =
(
S11 S12
−S12 S11
)
. (8)
It shows that the array is polarization independent due
to equality S22 = S11. Besides, it potentially can exhibit
chirality, because S21 = −S12.
The group C4 which is a subgroup of C4v contains
only rotations around the z-axis. It is known from the
group theory,42 that the two-dimensional IRREP Γ5 of
C4v (Tab. II) splits into the one-dimensional IRREPs Γ3
and Γ4 of the subgroup C4 (Tab. IV).
The normalized eigenvectors take the following form:
E−1 =
1√
2
(
1
−i
)
, E+1 =
1√
2
(
1
i
)
, (9)
and the eigenvalues are s1,2 = S11 ∓ S12. These vectors
describe two circularly polarized modes. Notice that they
are also eigenvectors of the array with C4v symmetry.
But unlike the symmetry C4v, the vectors E−1 and E+1
of C4 are not degenerate ones, because they belong to
different one-dimensional IRREP’s Γ3 and Γ4.
TABLE IV. Irreducible representations of the group C4
C4 e C2 C4 C
−1
4
Γ1 1 1 1 1
Γ2 1 1 −1 −1
Γ3 1 −1 i −i
Γ4 1 −1 −i i
2. Numerical results
The simulated transmitted and reflected spectra of
the C4 metasurface are plotted in Fig. 6(a). One can
see that the curves repeat those of the C4v metasurface
(Fig. 4(a)), so the frequency of the trapped mode remains
unchanged. The spectral curves are the same for all three
cases of the linear polarization of the incident wave. Nev-
ertheless, the difference is in the cross-section patterns of
the total field calculated at the frequency of the trapped
mode resonance. A pair of active and a pair of inac-
tive resonators occur under the excitation by the x- or
y-polarized wave (Fig. 6(b)), whereas all four resonators
within the unit super-cell are active when the metasur-
face is excited by the d-polarized wave (Fig. 6(c)).
The same reason as in the case of C4v above, shows
that inclusion of symmetry of external excitation reduces
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the discussed group C4 to C2, such that the field Hz is
transformed in accordance to the IRREP Γ2 of Tab. V.
E. Array with C2 symmetry
For the C2 symmetry, two enantiomorphic modifica-
tions also exist which can be obtained by reflection in a
plane of symmetry. These two modifications are denoted
in Fig. 3 by symbols C2(1) and C2(2).
TABLE V. Irreducible representations of the group C2
C2 e C2
Γ1 1 1
Γ2 1 −1
1. Scattering matrix
The calculated matrix for this case is
S¯ =
(
S11 S12
S21 S22
)
. (10)
The scattering matrix has a general form, therefore, the
symmetry C2 does not give any information about the
matrix and the eigenwave structures. In general, the
lower symmetry, the less information one can derive from
it.
2. Numerical results
The simulated transmitted and reflected spectra of
the C2(1) metasurface are plotted in Fig. 7(a). The
curves repeat those of both C4v and C4 metasurfaces (see
All-dielectric metasurfaces with trapped modes 8
Figs. 4(a) and 6(a)). Moreover, the cross-section pat-
terns of the total field calculated at the frequency of the
trapped mode resonance resemble those of the C4 meta-
surface for the same polarizations of the incident wave
(Fig. 7(b) and 7(c)). The field Hz belongs to the IRREP
Γ2 of Tab. V.
We do not present here results for the array with sym-
metry C2(2), since they are similar to those of C2(1).
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F. Array with Cs symmetry
There are two modifications for the Cs group which
contain only one plane of symmetry σy or σx. They are
denoted in Fig. 3 by symbols Cs(1) and Cs(2), respec-
tively. For the Cs(1) group all disk are equally oriented
forming the unit super-cell symmetric with respect to the
plane y = 0. Such geometry in the metasurface has been
considered earlier in several papers.29,35,38 Another mod-
ification corresponding to the Cs(2) group has the orien-
tation of particles, where in a pair of disks, the holes are
oriented inward of the unit super-cell, whereas in an an-
other pair of disks, the holes are oriented outward. For
this case, the unit super-cell is symmetric with respect
to the plane x = 0.
1. Scattering matrix
The calculated reflection matrix for this case is
S¯ =
(
S11 0
0 S22
)
, (11)
i.e. the reflection coefficients for x- and y-polarized inci-
dent waves have different values (S22 6= S11), but cross-
polarization effect is absent (S21 = S12 = 0). Notice that
the structure of the scattering matrix for Cs coincides
with that of C2v symmetry.
TABLE VI. Irreducible representations of the group Cs
Cs e σCs
Γ1 1 1
Γ2 1 −1
The eigenvectors E1 and E2 are
E1 =
(
1
0
)
, E2 =
(
0
1
)
, (12)
and the corresponding eigenvalues are s1 = S11 and s2 =
S22. Belonging of E1 and E2 to one or another IRREP
depends on polarization of the incident wave with respect
to the plane σCs .
2. Numerical results
In the Cs(1) metasurface, for the chosen orientation of
the disks within the unit super-cell, the trapped mode ap-
pears to be excited only by the y- and d-polarized waves
(Fig. 8(a)). Curves of the transmitted and reflected spec-
tra are different for all three polarizations. The resonant
frequency of the trapped mode appears to by shifted to
the higher frequency band compared to the previously
discussed cases.
At the frequency of the trapped mode excitation, there
is a specific distribution of the electromagnetic field
within each particle, where the out-of-plane magnetic
moments are oriented in the same direction in all res-
onators demonstrating the FM order (Fig. 8(b)). The
field Hz belongs to the IRREP Γ2 of Tab. VI.
The results for the Cs(2) metasurface are completely
different from those of the Cs(1) metasurface, where
again curves of the transmitted and reflected spectra
are different for all three polarizations (Fig. 9(a)). The
trapped mode appears to be excited only by the y- and d-
polarized waves. The resonant frequency of the trapped
mode coincides with all previously discussed cases, except
the Cs(1) metasurface. At the frequency of the trapped
mode excitation, the out-of-plane magnetic moments are
oriented up and down in the pairs of particles disposed
in the unit super-cell diagonals demonstrating the AFM
order (Fig. 9(b)). In this case, the field Hz belongs to
the IRREP Γ1 of Tab. VI.
IV. SYMMETRY CONDITIONS FOR AFM AND FM
ORDERS
A. Theoretical description
As shown above, in the metasurface under study two
phase states appear: (i) the dynamic FM order, when
all out-of-plane magnetic moments induced in resonators
by the incident wave are oriented in the same direction,
and (ii) the dynamic AFM order, where the magnetic
moments in one half of resonators within the unit super-
cell are oriented up, whereas those in the another half
All-dielectric metasurfaces with trapped modes 9
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FIG. 8. Same as in Fig. 4 but for the metasurface whose unit
super-cell corresponds to the group Cs(1).
of resonators are oriented down. Here a general question
arises: how symmetries are related to the corresponding
magnetic order?
It is revealed that the resonators orientation within the
unit super-cell corresponding to the symmetries C4v, C2v,
C4, and C2 result in the dynamic AFM order, whereas
only the arrays possessing the symmetry Cs can demon-
strate both FM and AFM orders. The transition from
the FM order to the AFM order and vice versa can be
fulfilled by simple rotation of the individual resonators
around their axes.
The phases of the field in the resonators induced by the
external excitation depends on the orientation of holes in
the resonators forming the unit super-cell. Existence of
the rotation by pi in a group corresponds to such ori-
entation of the holes in the corresponding symmetrical
resonators, that the excitation of the related by this sym-
metry disks produces the displacement currents in them
in opposite directions. This gives the anti-parallel orien-
tation of the magnetic dipole fields. Therefore, such a
symmetry of the unit super-cell produces the AFM or-
der. The groups C4v, C4, C2v, and C2 contain rotation
by pi. Thus, excitation of the FM order in arrays with
these symmetries is impossible. This is similar to selec-
tion rules known from the quantum mechanics.42
The unique group which does not contain rotation by
pi is the group Cs with only one plane of symmetry.
Two variants of geometry for this group were considered
above. One of them is Cs(1) with orientation of the plane
σ parallel to the plane σx. It leads to the FM order of
array (Fig. 8). Another one is Cs(2) corresponding to ori-
entation of the plane σ perpendicular to σy. This gives
the AFM order (Fig. 9). Thus, one can conclude, that
yx
z
H E
k
(b)
Magnetic field
y
x
Displacement
current
Frequency, GHz
|R
|&
|T
(a)
9 10 11 12 13 148 15
x-polarization
y-polarization
d-polarization
0
1
2
3
trapped mode
|
FIG. 9. Same as in Fig. 4 but for the metasurface whose unit
super-cell corresponds to the group Cs(2).
for the unit super-cell of the metasurface described by
the group Cs, both FM and AFM orders of the array are
allowed.
The change in symmetry of a crystal plays an essential
role in the Landau’s theory of the second-order phase
transitions.46 Analogously to this theory, in our case
one can consider transition of the state with high sym-
metry C4v for the array with non-perturbed resonators
(“nonmagnetic state”) to the state with lower symmetries
where the array with perturbed resonators behaving ei-
ther FM or AFM order. The continuous parameter of the
Landau’s theory describing changing in transition can be,
for example, the diameter of the hole or its position with
respect to the center of the resonator, or the angle of disk
rotation about its axis.
B. Experimental verification
In order to verify the appearance of magnetic orders
at the trapped mode excitation, several samples of the
metasurface were fabricated for their characterization in
the frequency range of 8−15 GHz. For the experimental
study, the Cs(1) and Cs(2) metasurfaces are chosen since
they can demonstrate different magnetic order. We used
cylindrical particles made from a commercially available
Taizhou Wangling TP-series ceramic (dielectric loss tan-
gent is tan δ ≈ 0.015 at 10 GHz). The substrate was
made of a Styrofoam. The set of particles was prepared
by using the mechanical cutting technique. The overall
size of the sample is approximately 600 × 600 mm, and
it consists of an array of 20 × 20 particles. The rest pa-
rameters of the metasurface correspond to those given in
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the caption of Fig. 4.
Using Vector Network Analyzer, the S21-parameter
(transmission coefficient) of the samples was mea-
sured for three different polarizations (x-, y-, and d-
polarization) of the incident wave. The spectral char-
acteristics of the metasurface were measured in an ane-
choic chamber. We used a custom made post-processing
procedure to remove unwanted noise from the measured
data. The measured and simulated results are given in
Figs. 10(a) and 10(b) for the Cs(1) and Cs(2) metasur-
faces, respectively. In the numerical simulation we have
accounted for actual losses inherent to the ceramic used
for the disks (for details on the measurement setup and
samples preparation, see Refs. 19 and 39).
The magnetic orders can be experimentally studied
from the measurement of the near-field distribution of
the metasurfaces at the frequency of the trapped mode
excitation. According to the results of our numerical sim-
ulations at this frequency the electric field is mostly con-
centrated inside the particles, whereas the magnetic field
is penetrating out of the resonators. Moreover, the mag-
netic moments are orthogonally oriented to the metasur-
face plane and demonstrate different patterns with re-
spect to the particular resonator orientation. Thus, we
have measured the magnetic near-field distribution for
the proposed designs. The color maps of the measured
real part of the Hz component of the near-field confirm-
ing discussed above trapped mode resonant conditions
and orientations of the out-of-plane magnetic moments
are shown in Figs. 10(c) and 10(d) for the Cs(1) and
Cs(2) metasurfaces, respectively.
V. INTERACTION OF RESONATORS
The coupling of the TE01δ mode of the cylindrical res-
onator with the field of irradiating wave is provided by
the hole made in the resonator. It is a principal mech-
anism of excitation. Besides, interaction of resonators
occurs due to coupling of the neighbours by evanescent
fields excited around every resonator by the incident
wave. The proximity of the resonators provides coher-
ent interaction between them.
The interaction of the resonators due to their near
fields is defined by the distance between them and by
the permittivity of the resonator material. In our case,
the existence of such interaction is confirmed, in particu-
lar, by difference in the resonant frequencies for the FM
and AFM orders (compare Figs. 8(a) and 9(a)). The FM
order leads to reduction of the electric fields between the
resonators because of their opposite directions. It results
in higher concentration of the fields inside the resonators.
As a consequence, the resonant frequency shifts to the
higher frequency band. Contrariwise, the AFM order in-
creases field between the resonators, which reduces the
resonant frequency.
Mathematically speaking, the interaction of the neigh-
boring resonator is defined by integral of superposition of
their fields. The force of interaction can not be defined
by the symmetry arguments. But in our case, the sym-
metry can help to evaluate, at least, qualitatively, this
interaction. If both of the two mechanisms of excitation
are present (i.e. due to the external field and due to the
mutual coupling), the level of excitation of the resonators
depend on the phases of these two excitation, i.e. on their
constructive or destructive interaction in the resonator.
The coupling between resonators, in general, can also
exist due to the electric dipole-dipole, and higher multi-
pole interactions which, in general, produce much lower
effects. The influence of the higher modes depends
greatly on the proximity of their resonances to the reso-
nance of the principal TE01δ mode.
Analysis of the mechanism of excitation due to mu-
tual coupling of the resonators requires a more system-
atic study. This problem is out of scope of this paper,
and can be a subject for a future work.
VI. POLARIZATION DEPENDENCE OF RESONATOR
EXCITATION
It was shown above, that the arrays with the sym-
metries C4v and C4 are polarization insensitive, but the
excitation of the individual particles depends on the po-
larization of the incident field. For example, one can
see in Fig. 4, that in the case of symmetry C4v and x-
or y-polarization, all the four particles within the unit
super-cell are excited, but for the d-polarization, only
two of them are active. In the case of symmetry C4, the
situation is inverted.
However, the total power stored in the resonators is
almost equal in all these four cases. To show this, let us
consider the array with symmetry C4v presented in Fig. 4.
For a given excitation power, the electric field intensity
perpendicular to the plane of symmetry σ in the hole of
the resonator for the case of x-polarization is lower than
that for the case of d-polarization (compare Figs. 4(b)
and 4(c)). The x-polarized field E can be decomposed
into the components parallel and perpendicular to the
plane σ. For the excitation with the amplitude Ex, the
field intensity perpendicular to the plane σ is Ex/
√
2,
i.e. the excitation power of each of the four resonators is
two times lower than that of the excitation of any of the
two resonators for the diagonal excitation. Thus, for the
resonators with sufficiently small holes, the overall inten-
sity of the array excitation is approximately the same for
these two polarization of the incident field. In the same
manner, one can analyze arrays with other symmetries.
VII. CONCLUSIONS
The obtained above results can be considered as a con-
venient classification scheme for the symmetrical arrays
with four resonators in a unit cell. This scheme is based
on the possible symmetries and comprises the highest
group C4v and four its subgroups.
The eigenwaves and the fields of every array belong to
one or another IRREP of the corresponding group and
they have definite transformation properties. The pre-
sented symmetry analysis, in particular, the exact scat-
tering matrices, can be helpful in numerical calculus to
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FIG. 10. (a, c) Simulated (red lines) and measured (blue lines) transmission coefficient, and (b, d) measured real part of
the Hz component of the magnetic near-field (out-of-plane magnetic moments) at the corresponding resonant frequency of
trapped mode excited by the y-polarized incident wave. The insets demonstrate fragments of the metasurface prototypes. In
the simulation actual material losses (tan δ = 0.015) in ceramic disks are taken into account, while the substrate is modeled as
a lossless dielectric. All other parameters of the metasurface are the same as in Fig. 4. (a, b) Cs(1) and (c, d) Cs(2).
reduce the computation time and the necessary volume
of memory, and also in experiments, for example, to val-
idate the obtained results.
The effects related to magnetization waves and their
dynamics, such as retardation effects,44,45 analysis of
Ising model,47 etc. discussed for arrays with metallic split
ring resonators can be studied using dielectric arrays pre-
sented above. These effects can be more pronounced due
to lower losses in dielectric resonators in comparison to
those inherent to metallic resonators at higher frequen-
cies.
The suggested method can be applied to resonators
with other types of dark modes, as well as to arrays with
other symmetries, such as, for example, C6, C6v with six
resonators in a unit super-cell.
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APPENDIX A: SCATTERING CROSS SECTION OF A
PERTURBED PARTICLE
We performed additional simulations to study a scat-
tering characteristic of an isolated perturbed resonator
(see Fig. 2). As an exciting radiation, a plane wave
having linear polarization is supposed. We consider in-
cidence of waves of both orthogonal polarizations (x-
polarized and y-polarized waves). The wave incidents
along the axis of the cylinder (frontal excitation). The
sum of the contributions from different multipole mo-
ments is written as48
Ctotalsca = C
p
sca + C
m
sca + C
Qe
sca + C
Qm
sca + ..., (A1)
where, Cpsca, C
m
sca, C
Qe
sca, C
Qm
sca are the contributions to
scattering cross section from electric dipole (ED), mag-
netic dipole (MD), electric quadrupole (EQ) and mag-
netic quadrupole, respectively.
In Fig. A1 the contribution of four lowest-order multi-
pole (dipole and quadrupole) moments to the scattering
cross section of the given particle irradiated by the x-
polarized and y-polarized wave are shown. Along with
resonances related to the lowest-order ED and MD Mie-
type modes,49 an additional resonant state appears in the
scattering cross section of the particle (see green area in
Fig. A1). It only appears in the response on excitation by
the x-polarized wave, so it is peculiar to the perturbed
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FIG. A1. Normalized (normalized by the value λ2/2pi) contri-
butions of four lowest order multipole moments to the scat-
tering cross section of a single particle irradiated by either
x-polarized (solid lines) or y-polarized (dashed lines) wave.
The areas colored in green, yellow and red correspond to fre-
quency bands where the trapped mode, ED Mie-type mode,
and MD Mie-type mode exist, respectively.
particle having an eccentric hole. It is related to the
excitation of the trapped mode since it is a feature of
asymmetric systems.27 One can see that both ED and
MD moments contribute to this resonance.
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